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Abstract

A perfectly conducting plane screen embedded in a gyrotropic medium
is shown to be able to support a unidirectional surface wave., Such a surface
wave is assumed to be incident on the top of a semi-infinite screen. At the
edge, the incident power is converted partly into a reflected surface wave which
travels on the bottom of the screen and partly into a space wave, The angular
distribution of the radiated energy as well as the power-reflection and the
power-transmission coefficients are evaluated. Total reflection is shown to

occur for a certain band of frequencies.
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TR402 Introduction
In recent times, interest has arisen in the study of scattering of
electromagnetic waves by obstacles embedded in anisotropic media. Wave

propagation in a homogeneous, anisotropic medium is more complicated

than in a homogeneous, isotropic space since the characteristics of an anisotropic

medium, as the name itself implies, are different in different directions.
However, in general, there are two categories of problems of scattering in
anisotropic media, which are quite similar to those in isotropic space. The
scattering by cylindrical obstacles in a uniaxially anisotropic medium consti-
tutes the first category and Felsen [1] is currently carrying out a systematic
investigation of these problems. To the second category belong certain two-
dimensional problems of scattering by cylindrical obstacles in a gyrotropic
medium for the case in which the gyrotropic axis is parallel to the generators

of the cylinder and perpendicular to the direction of the incident wave. In

this paper, a simple problem belonging to the second category is investigated.

Consider a perfectly conducting screen of infinite extent embedded in
a gyrotropic medium. A unidirectional surface wave has been shown [2], [3]
to be supported along the screen. This surface wave is a plane TEM wave
having its magnetic vector parallel, and its electric vector perpendicular,
to the surface of the screen. The external static magnetic field is parallel to
the direction of the magnetic vector of the surface wave. For a given sense
of the external magnetic field, the surface wave travels only in one direction
on the top of the screen and in the opposite direction on the bottom. The
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«2-
directions of propagation of the surface waves on the top and the bottom of the
screen are both reversed, when the sense of the external magnetic field is
changed.

Such a unidirectional surface wave is assumed to be incident on the top
of a perfectly conducting semil-"inﬁnite screen embedded in a gyrotropic medium
such that the gyrotropic axis is parallel to the edge of the screen. The uni-
directional surface wave is scattered at the open end. Part of the power in the
incident wave is carried by the surface wave which travels along the bottom
of the screen in a direction opposite to that of the incident surface wave. The
remainder of the incident power is carried by the space wave which is excited

by the discontinuity. This problem is formulated in terms of a Wiener-Hopf

integral equation, which is solved by the well-known function-theoretic methods.

Explicit expressions for the reflection and the transmission coefficients, which
give the proportion of the incident power carried respectively by the reflected
surface wave and the transmitted space wave, are determined. For certain
frequency ranges, the entire power in the incident surface wave is carried by

the reflected surface wave.

Unidirectional Surface Waves
Consider a perfectly conducting screen of infinite extent occupying
the region -0 <x< o, -0o<y<o, andz =0, wherex, y, z forma
right-handed rectangular coordinate system. (Fig. 1) . The entire space

exterior to the screen is filled with a uniform plasma. A uniform magnetic
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field Bo is impressed in the positive y direction throughout the plasma.
Under certain simplifying assumptions [2] which are usually made, it is found
that in the plasma region, after the usual linearization, the electric and

magnetic fields satisfy the time-harmonic Maxwell's equations

vxE - iwy o'ﬁ (1)
Ux T =-iw g, B E (2)

where u o and €, are the permeability and dielectric constant pertaining

to vacuum. A harmonic time dependence edl'wt is assumed for all the field
components. The components of the relative dyadic dielectric constant ?

are given by the following matrix

iez o € (3)

where

0 =-Y_  and R = —=< . (4)

f uue 1l
€
b ]
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The plasma frequency wp and the gyromagnetic frequency w c of the electrons

are given by

(5)

where e is the charge of the electron, m is the mass of the electron and
N is the average density of electrons.

Only the two:dimensional problem for which all the field components
are independent of the y coordinate will be considered. For this case, the
electromagnetic field is separable into E and H modes. Since unidirectional
surface waves are present only in the case of the E mode, the H mode will
not be considered. For the E mode, only a single component of the magnetic
field, namely, Hy is present. With the help of (2) , the nonvanishing

components of the electric field can be shown to be given by

E (x z)— -.fl—...a_H (x z)-ﬁ-——a—_H (x z)
x - we € 8z Ty WE € ax y
ie €
= 4 2 N - I
E,(x, 2z)= WE_E Ox Hy (x, 2) WE_E bz H, (x, z) , (6)
where

_ 2 2

€ = 81 = 82 . (7)

With the help of (1) and (6), it is found that Hy (x, z) satisfies the following

wave equation:
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2 2
8 8 2
—3 + + k H (x,z) = 0 (8)
x 9z Yy
where
2 2
kz - w “oeoe - ko € (9)

In (9), ko is the wave number corresponding to vacuum.

In view of (8), it is reasonable to assume the following solution for

HY (x, 2z):
i ikxx+i,/{z-kzx |z]
H (x,z) = H e (10)
y 8
where
\/‘: -k =+\/£ -k if k> k
x x x
. 2
= +i Zx‘k if k<k_ . (11)

.Since the screen is perfectly conducting, the following boundary condition has

to be satisfied on the surface of the screen:

Ex(x, 0+) =0 . (12)
For z> 0, (10) satisfies the boundary condition (12) provided
2 2

€, -kx = iez kx ) (13)
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With the help of (7) and (9), the solution of (13) for kx is easily shown to be

given by
k, = ko\/Tl g, > 0 (14a)
kx= -kO( €, £, < 0 . (14b)

Hence, for &, < 0, (10) becomes
k [8 [z
-iko\/Ei X - Ll
i _ 1
HY (x,2) = H’ e for z>0 , (15)
In a similar manner for z <0, (10) satisfies the boundary condition (12)

provided

eV K -k, =-ig, k (16)

and hence for z < 0

k, = - kOVgl E, >0 (17a)
L]
k = -ko;/e1 €, <0 . (17b)

Therefore, for g, < 0, (10) becomes
k IE |z ®
: 2
ik /e, x - 2 for z < 0 . (18)
H (x,z)=H_ e
y (]
It is clear that (15) and (16) represent surface waves for the range of §! for

which ¢, > 0. InFig. 2, aplotof ¢, as a function of f is given. An

examination of Fig, 2 shows that ¢ 1> 0 in the following frequency ranges:

i s S




FIG. 2 PLOT OF £ AND § AS A FUNCTION OF &
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0<Q<Rand\/l+Rz < <o .

Note that R is positive. From the expression of €, give.n in (4), it is
obvious that €, < 0 for the frequency range 0 < < Randg, >0

for /1 + Rz < f2 < . Itis clear that the sign of g, will change, if
the sense of the external magnetic field is changed. It is assumed in what
follows that the external magnetic field is in the positive y direction for the
frequency range 0 < £ < R and in the negative y direction for /' 1 + Rz

< < . As aconsequence €, is always negative. Therefore, (15) and
(18) give H; (x,z) for z >0 and z < 0 respectively. For the frequency
ranges 0< § < R and V' 1+ R2 < < o0, (15) and (18) represent surface
waves., On the top ( z > 0 ) of the screen, the surface wave travels in the
negative x direction and on the bottom (z < 0), it travels in the positive x
direction. For the specified orientation of the external magnetic field, a
surface wave which travels in the positive x direction on the top of the screen
and in the negative x direction on the bottom is not obtainable. The surface
waves are therefore unidirectional in character. Since for the surface wave,
Ex(x, z) = 0, it is clear that it is a TEM wave with its magnetic and electric
vectors respectively parallel and perpendicular to the surface of the screen.

The excitation of these surface waves was discussed in an earlier paper[2].
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Scattering of the Surface Wave at the Open-end

It is now desired to examine the effect of terminating the perfectly
conducting screen (0 <x <o) at x=0, on the surface wave given by (15)
when it is incident on the top (z > 0) from x = oo (Fig. 3). It is emphasized
that a surface wave traveling in the negative x direction cannot be sustained
on the bottom of the screen. Hence, the incident surface wave is only on the
top of the screen. No surface wave can be supported in the regionx < 0 ;
also a surface wave traveling in the positive x direction cannot be supported
on the top of the screen. Hence, the incident surface wave will be partly
reflected back as a surface wave on the bottom and partly converted into a
radiation field.

Since only the y component of the magnetic field is present, the
current I(x) induced on the screen is in the x direction. When the current
term is added to the right-hand side of (2), it follows that Hy(x, z) satisfies

the following inhomogeneous wave equation:

2 2 €
;) . 2 - ‘ 2 [*) 9
(—Zax + ;—2 + k ) HY (x, Z) = -1 81 % + 9z ] I(x) 6 (z) ‘ (20)

The solution of (20) is easily obtained to be

[o.8]

i [. €2 @ ) we W fo 2. 2 ,
Hy(x, z) = _11_ (1 g, B + 52 ) S I(x') H [k V(x-x")"+2° ] dx'  (21)
[o]

*

Together with (6) and (8) , it can be shown that for z = 0

e ann e e

I




GYROTROPIC
MEDIUM INCIDENT
+ SURFACE
¥ WAVE
-
o / X 0
PERFECTLY
CONDUCTING Y
SCREEN REFLECTED

SURFACE WAVE

FIG. 3 UNIDIRECTIONAL SURFACE WAVE ALONG A
SEMI-INFINITE SCREEN




;Since the perfectly conducting screen occupies only the region x> 0, the
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2 oo
Ey b2, 0) = - 4wel°e1 ( :xz * ! ‘1) § e n MW lxxllae . (22
(]

boundary condition (12) holds only for x>0 .

The application of a Fourier transformation to both sides of (22) yields

X k %, -t
E ()= - ;70— I, (23)
o1
-¢
where
Q
Ex(g) = S Ex (x, 0) e 18X 4y (24a)
-00
[0 o]
I = ‘Y Ix) e % 4y . (24b)
o

The branch cuts are defined as.in (11} .

It is first necessary to know the regions of regularity of the various
transforms in (23) . From (15) the incident current density is obtained to be

e-iko\/z_lx

Px) = - H, : (25)

Also, as x =+ o, I(x) should be of the form
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-ik \/S x ik \/‘8 x
Ie oVE1 T L poe o1 ]

where the first term is the incident current density and I' is the reflection

I(x)=- H. (26)

coefficient at x = 0 . It is found from (26) that [knzt’:1 - l,’z JT(¢) is regular
in the lower half-plane Im{ < - Imk . Also Ex (§) is regular in the upper
half-plane Im{ > Imk . In addition, the transform of the Hankel function,

2

-8
valid in the strip Ilm ¢ <Imk and,therefore, the Wiener-Hopf procedure can

is regular in the strip |[Im¢| <Imk. The transform relation (23) is

be applied to solve {23) . It is assumed that k is real with a small imaginary
part which is introduced for convenience and set equal to zero in the final

formulas, Rewriting (23) as

2 2
[k,“g, - €71 (D)
AT

it is seen that the right-hand side of (27) is regular in the upper half-plane and

- - 2ue 6, VEF T E (D), (27)

the left-hand side is regular in the lower half-plane. Both are regular in the
strip |Im§| < Imk and may be considered as analytic continuations of each
other; together they define an integral function. Since the current is
perpendicular to the edge, the Meixner Corner Condition requires that I(x)
vanish at x = 0 as xl/2 . Therefore, it follows that T({) ~ §'3/2 as L~

in the lower half-plane. The asymptotic behavior of the left side of (27) as
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§ - o , shows that the integral function is a constant. Hence,

¢ = E&ﬁr . (28)

kO El-g

After taking the transforms of both sides of (21) with respect to x, aubsti-
tuting the value of T () from (28) and writing the inverse transform, one

obtains the following expression

. ® € i\/£2-§z|z| ifx
H (x,2) = o S (-Ez—ri i\/,kz--:z) ® e . (29)
< v ! k2, -HVEFT

In (29) , the upper and lower signs hold, respectively, for z positive or negative.

The contour for integration in (29) is shown in Fig. 4. For x > 0, the
integral can be evaluated by closing the contour in the upper half-plane . For
z >0, the residue at the pole § = ko ,/s_l is seen to be zero, if the fact that
g, < 0 is noted. The contribution from the pole § = ~ ko */51 is
le, |
. 2
-ik /e, x -k z
C lezl o /_1 ) ,7!1

(]
2e) VE-k VE|

This gives just the incident surface wave (15) . Hence, the constant C can

ZH € v ‘ ” ko‘/s_l

'lszl

H; (x,z) = (30)

be determined and it is given by

C = . (31)
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For z <0, the residue at the pole § = - k, ‘/51 is zero and the contribution

from the pole ¢ =k o ,/q shows the reflected surface wave to be

. kg le, |2
r 1k°/é—1x+—-T—1 ,
Hy (x,2)=H, T e

where the reflection coefficient I' is given by

r. YX KVe . (33)
:7k+k°\/e_1

It is desired to calculate the incident power, the power in the reflected
surface wave and the power transmitted as a space wave, all per unit width
of the screen. The power in the incident surface wave per unit width of the

screen is obtained from the relation

(00
P, = S -5 71- Re E(x,z)xﬁ*(x,z) dz
o]
m . -
- 3 Re S E} (x,2) Hy‘* (x,z) dz . (34)
[

With the use of (15) in (6), it is found that
e, |
. -iko,/é'lx-kovrz—z .
E' (x,2) = —O H_ e 1. (35)
z we ;!1 s

o)
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Together with (15) and (35) , (34) yields
P, = 14, : (36)
i~ fe el
In a similar way the power transmitted in the reflected surface wave per unit
width of the screen is
I LA )
The reflection coefficient S, which is defined as the fraction of the incident
power carried by the reflected surface wave, is therefore given by
s=_p_=|r|2=_s_1_£ . (38)
i g, + NG
The power radiated in the form of a space wave can be evaluated in the
following manner. For this purpose, it is convenient to introduce the polar
coordinates
x=p cos 0 z=p 8in 0 (39)

and the following transformation:

{=kcos 7 . (40)
With (39) and (40) , (29) reduces to

ikp cos (7-0)

P €
Ck 2 A e sin 7 dr
H (p,0) = - 1—1 (- —£_cos 7 + isin 7) (41)
vy’ i & [kc’z&:1 x4 cooz-r][k+kc0l 'r]l/z

[
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For kp >>1, (41) is evaluated by the saddle-point method. It yields the
space wave part as follows:

ﬁc O0+isin0) sin 0 i( LY
iCkz (- A os sin n kp-T
I]Ze . (42)

HyR(p,O) = - ‘
2{/Zrkp (kozsl - k% cos? 0)(k + k cos 0)

With (6) and (39) , it may easily be shown that for kp >> 1,

Elk
B 0,0 -z H, 0, 0 (43)

The outward power flow, per unit area, per unit length of the screen at an

angle 0 is obtained from (42) and (43) to be

N ke * 2
sR=_;_ Rep - E (p,0) x H¥p,0) = -z—wé—é I H (0,9 |
2
e] C] F(gJ) , (44)
161rpmksos1
where
F(0) = (1 - cosZO) i (45)
[1 - —§—-2 cos 0]
&

F (0) given in (45) is defined to be the radiation pattern. The total power

PR radiated in the form of space waves is
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T 2n
PR=§S‘deO= __E_I_Lr S‘ F(0) do . (46)

c z
S 161rwksoel °

It can be readily shown that for F(0) in (45)

fﬂ F(0) do _I_F_Zﬂel (47)
[o] 82

The use of (31) and (47) in (46) yields, after some simplification,

lu_ |2 VE
pR - 8 i (48)
2we | g, | (,+VE)

The transmission coefficient T , which is defined as the ratio of the power
radiated as a space wave to the incident power, both per unit width of the

screen, is therefore

T = ZJS_ f (49)
g, +VE

It may be verified from (38) and (49) that S+ T = 1, as it should.

All the above results are derived under the assumption that k is

real. It is, therefore, pertinent to find out the ranges of £ for which kz

and hence, -at'— is real and positive, From (4) and (7), it is clear that
1
: is always real. It can be shown by simple manipulation that

1

- 2 4@ - 9.3
T T (50)
1 Q° -QZ)
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where
_ R R
Q = -5+ /7 +1
QZ= 1+R
and
o - R 4 [R (51)
3~ "2 I :

Further, it is easily established that 91 < R < Qz < 93 . From (50), itis

obvious that g

> 0 only in the frequency ranges Ql < Q< Qz and
93< £ <o (Filg. 2). Hence, the expressions for the reflection coefficient,
the radiation pattern and the transmission coefficient given, respectively, in
(38), (45) and (49) are valid only for Ql < < QZ and 03 <R <.

The incident surface wave assumed in (15) is legitimate only for the
frequency ranges defined in (19). Therefore, § is also restricted to these

ranges . Within the stipulated ranges of §, —g— and hence kz is negative

in the ranges 0< < Ql and QZ < Q <Q3 . Fc1>r k purely imaginary, the
solution of (23) has to be modified, with the result in the final solution (28),
k should be replaced by i |k| . Then it is obvious from (33) and (38) that

S =1 (52)
for 0< Q< @ and R,< <Q,. When k in (42) is replacedby i[k| , it is
seen that the space wave is exponentially damped and hence, no power is

radiated in the form of a space wave. Heace,

T =0 (53)
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for 0< f2< Ql and Qz < Q< 93 . The power in the incident surface wave
traveling on the top of the screen is totally reflected as a surface wave which
travels on the bottom of the screen when §! is in the ranges: 0 < £ < Ql

and Qz< Q<Q3.

Numerical Results

The reflection and the transmission coefficients are computed as a
function of § for a particular value of R, namely R=\/3 . It is seen from
an examination of Fig. 5, that the reflection coefficient is unity from
0<Q < Ql ; it falls off rapidly as § is increased beyond Ql , reaches a
minimum and then increases to unity at = R. It starts again at unity when
Q= Qz and remains at that value for & up to 93 ; then it quickly falls to zero
as §! is increased beyond 93 . It is obvious that in the frequency ranges for
which the reflected surface wave and the space wave are present, the major
portion of the energy is transmitted as a space wave except for § very near
€, , Rand Q; . For a certain frequency between Ql and R, the transmission
coefficient has a maximum, and in the frequency ranges considerably greater
than 93 , a negligible amount of incident ;ower is reflected as a surface wave,

The radiation pattern F(Q) given in (45} is plotted in Fig. 6 for R = \/3_
and for three values of §. It is found that the radiation pattern always has a
null in the direction of the screen and a maximum in the opposite direction.

It is found that for £ > Q3 , the maximum increases very rapidly with

FO.
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as can be seen from the patterns for "22= 5 and ﬂz = 5.5, For example, when
f = 3, the maximum value is nearly 20 times larger than that for 2=\/5. 5.
The reason for this rapid change in the maximum in the radiation pattern can ’
be explained in the following manner. For § > 03 , the reflection coefficient
S falls off very rapidly as £ is increased beyond 93 . Hence, the major

portion of the incident power is transmitted as a space wave. Alsoas

is increased beyond Q, , €, rapidly decreases to a very small value. As a
consequence, the exponential attenuation in the incident plane wave is rapidly
reduced. The incident wave becomes very nearly a homogeneous plane wave
and therefore, the total incident power increases sharply when § is increased
further . Since the major portion of the incident power is transmitted as a
space wave, the maximum in the radiation pattern rises sharply as  is

increased beyond Q3 .
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